Introduction to Statistics - Homework #5

» Use Appendix C: Distribution tables (e.g. Z-table) from page 408 to 417 in the textbook if necessary.

Exercise 1

Suppose we obtain a random sample X1, X, ..., X, from a population with probability density function

=, —0<z<20, (6>0)
— 30 Y Y
/@) { 0, otherwise.

Answer the following questions.
(1) Find the constant k such that the estimator kX is an unbiased estimator for #, where X = % Z?:l X;.

Solution:

260
E[X]:/ew-%dm:g, E[kX’]:?.

Thus, for unbiasedness we require k = 2.
(2) For the value of k obtained in (1), show that kX is a consistent estimator for 6.

Solution:

Since X ~ U(—0, 26),

Var(X) = =15 = %02,

consistent with the above result. Therefore,

S|

Var(2X) = %Var(X) =

As n — 00,

lim E[2X] =6, lim Var(2X) = 0.

n—oo n—oo

Hence, 2X is a consistent estimator for 6.



Exercise 2

Suppose X1, X2, ..., X, are obtained from a Bernoulli distribution B(1, p). Answer the following questions.

(1) Consider the estimators
pr = — Y X, P2 = l(Xl + X2).
P . 2

Show that p; and ps are unbiased estimators of p.
Solution: Since X; ~ B(1,p), we have E[X;] = pand Var(X;) = p(1 — p) for each i. For p1:

1 & | 1
E;Xi] :;;E[Xi]: L=,

Note that po = % Zle X is exactly p; with n = 2, so by the same formula,

Elpi|=E

Elps] = p.

Hence both p1 and P2 are unbiased estimators.
(2) Between p1 and p2, determine which estimator is more efficient (assume n > 2).
Solution: From (1), both are unbiased. Since X1, ..., X, are independent,

5 1y 1§ 1 p(1 —p)
VaT'(p1) = Var(E;Xl> = ﬁ ZVGT(Xz) = ﬁ . np(l _p) — T'

i=1
Note that po = % Zle X is exactly p; with n = 2, so by the same formula,

p(l—p).

Var(pz) = 5

If n > 2, then Var(p1) < Var(ps). Therefore, p; is more efficient than ps.
(3) Show that the estimator p; is a consistent estimator for p.

Solution: From (2), E[p1] = p and Var(p,) = p(l-p) Therefore,

n

1—
lim E{ﬁl] =p, lim VCLT(ISl) = lim u =0.

n—oo n—oo n—0o0 n

Therefore, p; is a consistent estimator for p.



