Statistical Methods - Homework #3

1. Consider the multiple linear regression model:
yi=x; B+¢e;, €~ (0,0%) independently fori=1,...,n,

where 1, - -, ®,, 8 € RPand X = (&1, --,®,) " € R™P is full rank. (rank(X) = p) Letting
y=(y1,--+,yn) ande = (€1,...,€n) ", (1) can equivalently be written as

y=XB+e, E(e)=0,and Var(e) = o’I,.

(A) Find the ridge estimator of 3, denoted [:b\, that minimizes

(B)=(y—XB) (y—XB)+I8'B=> (yi—xB)*+8'B.
i=1

(B) Find E(,). What is the value of \ that makes E(3,) = 8?
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(C) Find Var(3,). Also, show that

Var(8,) < Var(By).

(Hint: You may use eigen-value decomposition on X ' X: There exists a matrix P € RP*P and a diagonal
matrix A € RP*P suchthat P' P = PPT =Tand X' X = PAP").

(D) Show the bias-variance decomposition of mean-squared error(MSE):

E[(Bx~B)(Br— B)T| = Var(B) + (8~ E[B\))(8 — EIB:]) -
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