Statistical Methods - Homework #2

1. Consider the logistic regression model
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(A) Show that
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(B) The likelihood L(3) and the log-likelihood £(3) of B are

n
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respectively. Find S(8) = 8—;; and agagT .
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=, B, yi~Bernoulli(p;) independently, i=1,---,n.

1 - yz) log(l - pl)



(C) The maximum likelihood estimator(MLE) B solves S(,B) = 0. Find the asymptotic distribution of the MLE ,@
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(D) Consider the hypothesis test:
Hy:8=0, Hy:B#0.

Show that the Wald test statistic is

and the likelihood ratio statistic is
n
A= 22 {yilog(2p;) + (1 — ;) log(2(1 — py)) },
i=1

where p; = pZ(B) What are the null distribution of these test statistics?
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2. Consider the logistic regression model with a single binary covariate x; € {0, 1}:

Di

log 1 = Bo + Bizi, yi~Bernoulli(p;) independently, i=1,---,n.
—Pi
The data are summarized in the following contingency table:
Y
0 1 Total
0 700 101 100 + No1 = No
X
1 nio ni1 niy + N1 =ny
Total Moo + M1o No1 + N11 noo + no1 + 1o + N1
j [ efo ePoth1
(A) For subjects with ; = 0, p; = p(0); for x; = 1, p; = p(1), where p(0) = 1+ ebo and p(1) = 1+ ebotBL’

Express the odds ratio(OR)

_ p(1)/(1 - p(1))

OR = L0)/1—p0))

in terms of 8y and (1.

(B) Denote ny = ngy + ng; and ny = nqg + nqq. Using the score equations S(B) = 0 from 1.(B), show that the

MLEs of p(0) and p(1) are

. no1 . ni
0) = 2 1) = L.
»(0) . p(1) )
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(C) Using the result of (B), find the closed form MLEs (3o and f31.

(D) Let ¢(j) = 1 — p(4) for 5 = 0, 1. Using the result of 1.(B) with &; = (1, x;) ", show that the Fisher information
matrix is

7(8) = (nop(O)Q(O) +n1p(1)g(1) nlp(l)q(1)>.

n1p(1)q(1) n1p(1)q(1)

Then find the asymptotic variance of Bl, and evaluate it at the MLE.

(E) Find a test statistic and its null distribution for the following hypothesis test:

Hy:8,=0, Hy:p#0.
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3. (Linear Discriminant Analysis) Show that finding k& € {1, v, K} that maximizes

1 1
Tk e exp{— 5oz (T — uk)Q}

pi(z)

is equivalent to finding k € {1,-- -, K} that maximizes

T

T K
Py mﬁexp{—%g(m - #2)2}

Su(z) = aXE — 2k | jog(my).

o2 202

Also, when K = 2, show that this is equivalent to choosing k = 1 if

(w2 —p1) (0 bt po “tog( L),
0'2 2 T
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4. Consider the following confusion matrix and answer the following questions.

True
Negative Positive
Negative 75 20
Predicted
Positive 25 80

(1) Compute the False Positive Rate (FPR).

(2) Compute the False Negative Rate (FNR).

(3) Compute the Sensitivity (True Positive Rate).

(4) Compute the Specificity (True Negative Rate).
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