Statistical Methods - Homework #1

1. Consider the simple linear regression model without an intercept:
y; = Biz; +¢€;, €; ~(0,0%) independently fori=1,...,n.

(A) Find the least squares estimate of 31, denoted Bl, that minimizes

n

S(B1) = Z(yi — Brz;)>.

=1

A

(B) Let the fitted values be y; = B;x;. Using the result in (A), show that

n n n
Zyzz = Z(yz —§:i)° + ZZLQ
i=1 i=1

i=1

(C) Find E(Bl) Also, show that

~ g

Var(,Bl) = W
=11
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(D) Find E(g;). Also, show that

o

Va.l'(:lA/i) = W
J=1%j

(E) Lete; = y; — ¥;. Find E(e;). Also, show that

2
Var(e;) = o (1 — L)
i n 2 .
=17

(Hint: use Var(y;) = Var(y; — 9i) + Var(9;))
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2. Consider the multiple linear regression model:
yi=x; B+ei, & ~(0,0%) independentlyfori=1,...,n,

where €, -, @,,8 € RPand X = (&, --,®,)" € R™P s full rank. (rank(X) = p) Letting
y=(y1,--+,yn) ande = (e1,...,€,) ", (4) can equivalently be written as

y=XB+e, E(e)=0, and Var(e) = o°I,.

(A) Show that the least squares estimate of 3, denoted ,é that minimizes

n

S(B) = (vi—=B)

=1

~

(B) Find E(). Also, show that
Var(ﬁ) = o’ (XTX) -

(Hint: Var(AZ) = AVar(Z) A" for a constant matrix A)

(C) Let the fitted values be §; = w:,é and the hat matrix be H = X(X ' X)X ". Show that
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zn:(yi —9:)* =y ' (I-H)y.

i=1

Also, show that
T o 2
E(y (I-H)y)=(n—p)o

(Hint: For a constant matrix A € R™*™ and a random vector y € R",
E(y' Ay) = trace(AVar(y)) + E(y) " AE(y).)

(D) Show the Gauss-Markov Theorem: For all estimators of the form ,3 = C'y with an p X n matrix C such that

E(B) = Bforall B € RP, we have

~ A

Var(B) — Var(B) is nonnegative definite.

(Hint:let C = (X " X)X " 4 Bforap x n matrix B, and note that the unbiasedness is equivalent to
BX =0.)
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3. Consider the multiple linear regression model:

yi=x; B+ei, € ~ N(0,0%) independently fori=1,...,n, (5)
where 1, -+, @,,8 € RPand X = (x1,---,®,) € R™Pis full rank. (rank(X) = p) Let
y=(y1, -+,yn) .Lettingy = (y1,---,yn) ande = (e1,...,&,)", (5) can equivalently be written as

y=XB+e, e~ MVN(0,5°I,).
(A) Find the Maximum Likelihood Estimator(MLE) of 8 and o?. Hint: the log-likelihood is

- ™M

4B, 0?) = —log(2m) —

1
5 ogaz—Tﬂ(y—Xﬁ)T(y—Xﬁ).

(B) Find the Uniformly Minimum Variance Unbiased Estimator(UMVUE) of 3 and o2,
(Hint : (,B, RSS) is a complete and sufficient statistic for (83, 02). )

(C) Let the hat matrix be H = X(X " X)X . Show that

1
—y' (I-Hy~x"(n—p)
o
(Hint: If y ~ MV N(p,0%I,), A is a symmetric idempotent matrix with rank(A) = trace(A) = k, and

pu'Ap = 0, then %yTAy ~ x2(k).)
(o
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(D) Show that the estimators

1
n—p

B=(X"X)"'X"y, and 5* = y' (I - H)y

are independent. (Hint: for jointly multivariate normal vectors, zero covariance implies independence.)

(E) Consider the hypothesis test:
Hy:8B=0, H;:B#0.
Under H, show that

1
gyTHy ~ x*(p), and

ESS/p  _ y'Hy/p ~ Flp.n—p)
RSS/(n—p) y (I-Hy/n—p "7

(Hint: If y ~ MV N(u,0%I,), A is a symmetric idempotent matrix with rank(A) = trace(A4) = k, and

1
p'Ap =0, then ;yTAy ~ x*(k).)
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4. Suppose that we have the two multiple linear regression models:

Model A: y; = Bo + Bixi1 + Bazia + €
Model B: y; = Bo + Bixi1 + B2xi2 + Bsxis + €;

fori =1,...,n, where &; kg N(0,0?).
Let @EA) and gEB) be the fitted values for Model A and Model B, respectively. Compare each of the following

quantities. (Hint: use projection.)
~(A ~(B
(@) Yo (i — 912 and S0 (s — 41)?

o) Y8 (@Y —g)?and 7, (3 - 9)?
(c) R? for Model A and R? for Model B
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