Statistical Methods - Quiz #2(70 minutes)
April 8, 2026 (Wednesday)

Section(x28h): A1 Cadet Number(udH): Name(H3): Score:

« All solutions must include a detailed step-by-step explanation.
» Reference sheet is available on the last page.

1. Consider the logistic regression model with a single binary covariate x; € {0, 1} but without intercept:

D;

log 1 = piz;i, yi~Bernoulli(p;) independently, i=1,---,n.

i

The data are summarized in the following contingency table:

Y
0 1 Total
0 n00 no1 ngo + No1 = No
X
1 110 n11 ni +ni1 = n
Total | ngo + n19 | no1 + 111 | oo + o1 + 1o + 11

(A) Show that

1
1 +exp(—Biz;)’

Di

— 6511"1" SO p; = (1 - pl)eﬂlml SOlVing for

Solution: Exponentiating both sides of the logit equation gives

—DPi
Dbi:
B eb1zi B 1
pi = 1+ebwi |1+ exp(—p1;) i
1 eb1
(B) For subjects with z; = 0, p; = p(0) = 5 forz; =1,p; =p(1) = o Express the odds ratio(OR)
e
1 —p(1
op _ P/~ (1)
p(0)/(1 —p(0))
in terms of ;.
Solution: From the logistic model, the odds for each group are

1-p0) 1—p(1)

Therefore,

_p/A-p() e
OR = SO p0) T L

Hence $; = log(OR) is the log odds ratio of Y = 1 for X = 1 versus X = 0.
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(C) Show that
E(no) = E(no1).

Hint: You may use E(ng) = E (37, (1 —y:)(1 — ;) =X, P(y; = 0] z; = 0)(1 — z;), and

B(not) = B (X0 vi(1 — 2:) = S0y Plys = 1| 21 = 0)(1 — z2).

1
Solution: From part (B), we have p(0) = 580

1 1
Plyi=0]2;=0)=1-p(0)=5, Plyi=1|zi=0)=p0)= 7.
Substituting into the hint:
n n 1 no
Blnoo) = 3" Plyi =02 = 0)(1 —2) = 3 5 (1 —2) = o,
i=1 i=1
Blnn) = 3 Plyi =112 = 0)(1—2) = 3 = (1 — ) = 2
ngy) = =1z, = — ;) = —(1—=xz;)) = —
01 - Y; i i - 2 7 2
no
Therefore E(ngy) = E(nn) = -

(D) Show that the closed form MLE(Maximum likelihood estimator) Bl that solves the score equation

n

S(B1) =D _(yi —pi)zi =0

i=1
A n
is 81 = log i
T10
Solution: Since the model has no intercept, for ; = 0 we have log i =0, so p(O) = % regardless of (3.
— Di

Hence all terms with ; = 0 vanish in the score equation, and the score reduces to

S(B1) = Y (yi —p(1)) = nu — nap(1) =0,

i =1
. n n
giving p(1) = = L Inverting the logistic link,
ng Ny + N1
B — p(1)  nu/(nw+nu)  ng

Y

1—-p(1)  ni/(nw+nu)  nio

and therefore

- ni1
By = log —.
N0
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(E) The Fisher information is given as
n
2
Z(B1) =) pi(l —pi)z; = ) pi(l - pi)xi
' i=1

Show that the asymptotic variance of Bl evaluated it at the MLE is

— 1 1
Var(B) = — + —.

nio ni11

Solution: Since z? = x; for ; € {0, 1} and only subjects with z; = 1 contribute,

Z(B) = Y, p(1)(1—p(1)) = n1p(1)(1 - p(1)).

i xi=1
. . . A 1 . . n11 A N1o
The asymptotic variance is Var(81) = Z(81) . Evaluating at the MLE, (1) = —= and 1 — p(1) = ——, so
ni ni
. A N1 N N0 N11
n1 (1) (1 —p(1)) =nq - . = .
15( )( D( )) 1 n, n y
Therefore
Var(3:) = 1 _ Mo 1 X .
n1o N1 n10 N1 n10 n11
(F) Consider the hypothesis test:
Hy:8,=0, Hy:p#0.
Show that the Wald test statistic is
2
W= ﬁ1><I/31 x By = sz]-_pz <10g p>7
where p; = pi(ﬁl). What is the null distribution of W?
Solution: The general Wald statistic for a scalar parameteris W = ﬁl -I(Bl) . Bl. Since
n
= Zﬁi(l — bi) T,
i=1
~ n n ~
W =81> pi(l—pi)xi =Y pi(1— pi) Bizi.
i=1 i=1
Forz; = 0:p; = % so log - = 0, and the summand vanishes. For z; = 1: log . pi — = Blwi = Bl.
— Di — Di

~ 2
Hence in both cases ,3%:131 = <log 1 bi — > , giving

n ~ 2
o A D;
W = pi(l—pi)<log1_A) .

i=1 i

- 5 d d
By the asymptotic normality of the MLE, 31 [Z(61)]'/2 — N(0, 1) under Hy, so W — x2(1). We reject Hy at
level « when W > xf o
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